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photoelastic properties
of bismuth germanate ABi4Ge3O12B
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To assess the suitability of bismuth germanate as an electro-optic material for high precision
applications, we have confirmed and extended previous data on its refractive index, electro-optic tensor
element r41, and thermal expansion coefficient. In addition, we have measured the thermo-optic
coefficient dn@dT, the temperature dependence of the electro-optic coefficient, and the stress-optic tensor
elements. From the stress-optic tensor elements and previously published data, we have computed the
strain-optic tensor elements. The index of refraction is given, to a good approximation, by the
single-term Sellmeier equation, n2 2 1 5 s0l02@31 2 1l0@l224, with s0 5 95.608 µm22 and l0 5 0.1807
µm. The thermo-optic coefficient is 3.9 3 1025@°C at 632.8 nm and 3.5 3 1025@°C at 1152.3 nm. The
electro-optic tensor element varies between approximately 1.05 and 1.11 pm@V over the spectral range
of 550–1000 nm; its normalized effective change with temperature is approximately 1.54 3 1024@°C.
The thermal expansion coefficient is 6.33 1026@°C over the range 15–125 °C. Values of the stress-optic
tensor elements are q11 2 q12 5 22.995 3 10213 m2@N and q44 5 20.1365 3 10212 m2@N. The
strain-optic tensor elements are p11 2 p12 5 20.0266 and p44 5 20.0595.
Key words: Bismuth germanate, electro-optic, refractive index, strain optic, stress optic, tempera-
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1. Introduction

Bismuth germanate 1Bi4Ge3O12, or BGO2 is an attrac-
tive material for those applications of the electro-
optic effect, such as voltage and electric field sensors,
in which precision 1reproducibility or stability2 is
more important than sensitivity.1 It is a cubic
crystal of point group symmetry 43m and does not
exhibit natural linear birefringence, which is a ma-
jor cause of instability in many electro-optic devices.
Neither does BGO exhibit circular birefringence
1optical activity2, which quenches the electro-optic
effect and reduces its stability. BGO is transparent
from approximately 350 nm to 4 µm, which suggests
that its optical properties in the 800–1500-nm spec-
tral region 1where most sensors operate2 should be

When this research was performed, the authors were with the
Optoelectronics Division, National Institute of Standards and
Technology, 815, Boulder, Colorado 80303. K. S. Lee is now with
the Department of Electronic Engineering, Sung Kyun Kwan
University, 300 Chunchun-Dong, Suwon, South Korea 440-746.
D. C. Conrad is now with Seiko Instruments, 2990 West Lomita
Boulevard, Torrence, California 90505.
Received 5October 1995; revisedmanuscript received 18Decem-

ber 1995.
0003-6935@96@193562-08$10.00@0
3562 APPLIED OPTICS @ Vol. 35, No. 19 @ 1 July 1996
relatively stable with temperature. BGO is free
from pyroelectric effects and is available in large
crystals with good optical quality.
To assess the potential of BGO as an electro-optic

material more thoroughly, we have undertaken a
study of its relevant optical properties. Measure-
ments of refractive index n and electro-optic tensor
element r41 have been reported by Nitsche,2 Bortfeld
and Meier,3 Montemezzani et al.,4 and Kamada and
Kakishita.5 A measurement of the thermal expan-
sion coefficient was reported by Schweppe.6 We
have confirmed and extended their data and have, in
addition, determined temperature derivatives dn@dT
and d1n03r 412@dT over a range of wavelengths. We
have also determined the stress-optic tensor ele-
ments at one wavelength and, using previously
reported elastic constants,6 computed the strain-
optic tensor elements.

2. Optical Properties

A. Index of Refraction Measurements

To obtain the index of refraction, we used a prism
spectroscope to measure the angle of minimum
deviation of an unoriented prism. This yields the
index of refraction relative to air. The experimental



arrangement and technique were similar to that
shown and described in Ref. 7. We used a tungsten–
halogen lamp with narrow-band interference filters
as the source and an infrared viewer for detection.
The prism has an apex angle, b, of 34.27 6 0.01°.
Our divided circle spectrometer has a resolution of
0.58, which we take as our estimate of the uncer-
tainty in the angle of deviation. The expression for
the index of refraction as a function of the apex angle
and the angle of minimum deviation, um, is

n 5
sin1um@2 1 b@22

sin1b@22
. 112

The uncertainties in n resulting from uncertainties
in b and um are given by8

Dnb 5
n

2 3cot1
b

22 2 cot1b 1 um

2 24Db, 122

Dnum
5
n

2
cot1b 1 um

2 2Dum. 132

Using these expressions we obtain Dnb 5 60.0003
and Dnum

5 60.0002. We choose the sum of
the magnitudes of these as an estimate of the total
uncertainty in the measurement 1Dn 5 60.00052.
For the prisms used, um is approximately 40°.

Our determinations of the index of refraction at
various wavelengths are listed in Table 1 along with

Table 1. Measured Index of Refraction for Bismuth Germanate

Wavelength 1nm2

Index of Refraction

This Study
160.00052

Ref. 3
160.00032 Ref. 4

305.4 2.410 6 0.003
334.5 2.326 6 0.003
351.1 2.291 6 0.003
363.9 2.268 6 0.003
407.7 2.2152
435.8 2.1836
457.9 2.167 6 0.001
467.8 2.1597
480 2.1522
488.9 2.148 6 0.001
508 2.1373
514 2.135 6 0.001
546.1 2.1218
550 2.1204
577 2.1116
589.3 2.1081
600 2.1058
632.8 2.0975 2.097 6 0.001
633 2.0972
643 2.0952
750 2.0786
800 2.0723
850 2.0678
900 2.0635
950 2.0601
1000 2.0578
previous measurements.3,4 Our data, the previous
data, and the combined set were each fitted to a
single-term Sellmeier equation of the form

n2 2 1 5
s0l0

2

1 2 1l0@l22
. 142

The values of s0 and l0 from a least-squares fit for
each case are listed in Table 2. Figure 1 shows all of
the index of refraction data along with the best-fit
curve for the complete data set.

B. dn@dT and a Measurements

To measure the temperature derivative of index of
refraction dn@dT, sometimes called the thermo-optic
coefficient, we used the method of Fizeau interfer-
ence fringes described by Feldman et al.9 An unori-
ented specimen with two polished parallel faces is
placed in the collimated beam of a high-coherence
laser. Interference fringes in the light reflected
from the two surfaces shift with temperature as the
optical path length changes. The shifts are moni-
tored with a detector that is small compared with the
fringe spacing. In terms of fringe count M, the
change in the index of refraction between two tem-
peratures T1 and T2 is given by

0n2 2 n1 0 5
Ml

2h1
2 n1

Dh

h1
, 152

where l is the vacuumwavelength, h1 is the physical
thickness at temperature T1, Dh is the change in
thickness, and a term of the form 1 1 Dh@h1 in the
denominator has been neglected. If the linear ther-
mal expansion properties of the material are known,
we can thereby obtain Dn@DT over the range of
measurement. In particular, if thermal expansion
coefficient a of the material is effectively constant,
we can rewrite Eq. 152 as

Dn

DT
5

Ml

2h1DT
2 n1a. 162

We can measure thermal expansion by placing
wedged optical flats, larger than the specimen, in
contact with its two polished surfaces and monitor-
ing the fringe shifts resulting from interference
between the surfaces of the flats, to one side of the
specimen.9 In practice, most of the polished sur-
faces of the specimen are etched away, leaving three
pads, upon which the flats rest more securely. If the
measurements are performed in air, the change in h
between temperatures T2 and T1 is given, as a

Table 2. Parameters of the Sellmeier Equation for BGO

Parameter This Study Ref. 3 Combined

s0 1µm222 99.250 95.080 95.608
l0 1µm2 0.1776 0.1811 0.1807
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function of the fringe shift, by

Dh ; h2 2 h1 5
Ml

2na2
2 h1

Dna
na2

, 172

where Dna 5 na2 2 na1 is the difference in index of
refraction of air between temperatures T2 and T1.
The thermal expansion coefficient is then

a ;
Dh

h1DT
5

Ml

2h1na2DT
2

Dna
na2DT

, 182

where DT 5 T2 2 T1.
From the research of Barrell and Sears,10 we

estimated quantity Dna@1na 2DT2 to be

Dna
na2DT

< 120.6 6 0.062 3 1026@°C. 192

This represents an approximately 10% contribution
to the value of a obtained from Eq. 182.
An ambiguity of sign remains in both the thermal

expansion and thermo-optic measurements. We ex-
pected a to be positive and confirmed that mechani-
cally. Then we determined the sign of the change in
optical thickness by placing the specimen in a highly
divergent beam and observing whether the circular
fringes expand or contract with temperature. We
observed expanding fringes with increasing tempera-
ture, which corresponds to an increase in the optical
thickness with temperature.9,11
Figure 2 shows a schematic diagram of the experi-

mental apparatus for the measurement of a and
dn@dT. Two He–Ne lasers, one at 632.8 nm and one
at 1152.3 nm, were used as sources. The specimen
rests in a copper oven that is wrapped with a heating

Fig. 1. Index of refraction data for BGO. The open circles are
from Ref. 3 and the squares are from Ref. 4. The solid circles are
from this study. The curve is Eq. 142, with the parameters taken
from the combined set of data in Table 2.
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element. A copper rod extends from the chamber to
an ice bath, allowing measurements below room
temperature. Two thermocouples, attached to oppo-
site sides of the specimen, provide continuous mea-
surement of the temperature of the specimen and an
indication of its uniformity. Over the range of mea-
surements 115–125 °C2 the thermocouples agreed to
within much less than 1 °C, except at the highest
temperatures, where they typically differed by as
much as 1 °C.
Values of dn@dT and a were measured over the

range 15–125 °C, with individual data points coming
from an average over an approximately 10 °C tem-
perature range. The repeatability of the data points
at specific temperatures was only 65 to 610%;
however, the total uncertainties of the average val-
ues of a and dn@dT over the full temperature range
are closer to 65%. The value of a was 16.3 6 0.32 3
1026@°C, over the full temperature range 15–125 °C.
The average values of dn@dT for 632.8 nm and 1152.3
nm over that same range are shown in Table 3.
Within the measurement uncertainty, a and dn@dT
were independent of temperature.
We are not aware of any previous determinations

of dn@dT for BGO. A thermal expansion coefficient
measurement of 5 3 1026@°C has been reported.6
If the previous result was taken near room tempera-
ture, our value is approximately 20% larger.

3. Electro-Optic Properties

The linear electro-optic effect, with which we are
concerned here, is described by a third rank tensor,
commonly represented as a 6 3 3 matrix. For
crystals with point group symmetry 43m, the matrix
has three equal, nonzero elements, r41 5 r52 5 r63.
Possible configurations for using the electro-optic
effect in this crystal class have been described in
detail by Namba12 and Yariv and Yeh.13 The opti-

Fig. 2. Apparatus for measuring dn@dT and a; BS, beam splitter.

Table 3. Thermo-Optic Coefficients of BGO

l 1nm2 dn@dT 1°C212

632.3 13.9 6 0.22 3 1025

1152.3 13.5 6 0.22 3 1025



mum configuration is for light to propagate in the
11102 direction with an electric field applied along the
11102 direction 1Fig. 32. The axes of induced linear
birefringence are along the 11112 and 11112 directions
at 645° to the direction of the applied field. The
induced phase retardance for this case is

dE 5
2p

l
n03r41V

h

d
, 1102

where n0 is the unperturbed refractive index of the
crystal, V is the voltage applied between the 11102
faces, h is the length of the crystal along the optical
propagation direction, d is the distance between the
electrodes, and l is the vacuum wavelength.
Two experimental setups were assembled to mea-

sure n03r41 and d1n03r412@dTn03r41 separately. Both
setups have an input polarizer at u 5 0°, a quarter-
wave plate at u 5 45°, the BGO crystal with dE
between the u 5 645° axes, a residual stress birefrin-
gence dS between the 0° and 90° axes caused by
cutting and polishing of the crystal, and an output
polarizing beam splitter or analyzer at u 5 0° and u 5
90°. The Appendix presents a derivation of the
transmittance 1intensity response function2, using
Jones matrices, for the above assemblies. This
transmittance is

R1dE, dS26 5 G611 6 dE
sin 2f

2f 2 , 1112

where 6 refers to the two positions of the output
polarizer, G6 is the static transmittance of the optical
system, and 2f 5 1dE2 1 dS

221@2.

Fig. 4. System for measuring n03r41; AC VM, ac voltmeter.

Fig. 3. Orientation of the crystal used in the electro-optic
measurements.
A. n03 r41 and r41 Measurements

We determined the quantity n03r41 by using the
system shown in Fig. 4. The source was a tungsten–
halogen lamp with interference filters 1FWHM 5 10
nm2 and a spatial filter. ABabinet–Soleil compensa-
tor provided the required quarter-wave retardance
at each measurement wavelength. The voltage ap-
plied to the crystal was sinusoidal. We obtained the
quantity n03r41 by determining the modulation depth
1the ratio of the signal at frequency v to the average
signal2 for a given applied voltage. For these experi-
ments we used a crystal with h 5 1.948 6 0.013 cm,
d 5 0.470 6 0.013 cm, and dS > 8°.
For values of dE that are small compared with dS,

the factor multiplied by dE in Eq. 1112 becomes
sin1dS2@dS. Significant values of residual stress bire-
fringence in the crystal must be taken into account
in the measurement of dE or r41. However, for the
parameters of our experiment, this was not the case.
The crystal used in this measurement with dS < 8°
has a negligible effect on the measurement of r41
when compared with the stated uncertainties for our
measured values.
We measured the drive voltage with an ac voltme-

ter. To determine the modulation depth, we used
two lock-in amplifiers, one referenced to the voltage
applied to the crystal and the other referenced to a
chopper. The chopper frequency was approximately
300 Hz and the frequency of the drive voltage was
approximately 10 kHz. We measured the modula-
tion depth at several drive voltages and fitted a
straight line to the results. Values for crossed and
aligned polarizers differed typically by less than 1%
and were averaged. We computed n03r41 and r41
from these data, knowing the wavelength, the crys-
tal dimensions, and the index of refraction. The
results are shown in Table 4, along with previous
measurements. All the values in Table 4 were
obtained at low frequencies and are therefore con-
stant stress values 1sometimes called T values2. At
frequencies higher than the piezoelectric resonances
of the crystal, the values could be higher or lower
1constant strain or S values2. All our values in Table
4 were obtained at room temperature 123 6 1 °C2.

B. d 1n0 3r412@dTn03r41 Measurements
We obtained data to calculate d1n03r412@dTn03r41 by
using the apparatus shown in Fig. 5. A polarizing
beam splitter, such as a Wollaston polarizer, was
used as the output polarizer, so that the aligned and
crossed polarizer response functions could be ob-
tained simultaneously. The difference over the sum
1R1 2 R22@1R1 1 R22 of the two detected signals was
taken to obtain a response function that is indepen-
dent of G6 when the two detector gains are well
matched. The new response has a functional form
of

R1dE, dS2D@S 5 dE
sin 2f

2f
. 1122
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The normalized temperature dependence of Eq. 1122
is

1

RD@S

dRD@S

dT
5 1 1

n03r41

dn03r41
dT

1 a211 1 KdE
22

1 1KdS
22
1

dS

ddS

dT
, 1132

where K is

K 5
cot 2f

2f
2

1

4f2
. 1142

Table 4. Electro-Optic Properties of Bismuth Germinate at Low
Frequencies

l 1nm2

n03r41 1pm@V2 r41 1pm@V2

This
Study
160.082 Ref. 4

This
Study
160.082 Ref. 3 Ref. 2

Ref. 4
160.022 Ref. 5

305.4 6.2 0.33
334.5 6.9 0.49
351.1 7.2 0.57
363.9 8.4 0.62
405 0.82 6 0.02
440 0.85 6 0.01
450 1.03
457.9 8.5 · 0.85
488.9 8.5 0.89 6 0.01 · 0.86
495 ·
514.5 8.7 0.92 6 0.01 · 0.89
542 ·
550 9.97 1.05 ·
600 9.93 1.06 ·
620 0.95 6 0.01 1.03
631
632.8 8.9 0.96
633 9.86 1.07 1.01
750 9.73 1.08
800 9.79 1.10
850 9.86 1.11
855 1.07
900 9.78 1.11
950 9.70 1.11
1000 9.63 1.11

Fig. 5. System for measuring d1n03r412@dT; AC VM, ac voltmeter.
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To obtain a value for d1n03r412@dTn03r41, from the
measured signalRD@S, onemust evaluate or know the
terms of Eq. 1132. K has a value of approximately
21⁄3 for 1°, dS , 80° and dE9 dS. The term 11 1 KdE

22
is nearly equal to 1 for the crystals used in this
experiment 1h 5 1 cm, d 5 0.5 cm, and dS , 2°2, with
an applied voltage of approximately 30 V 1rms2; a is
known from earlier measurements. For one of the
crystals used, we measured ddS@dTdS to be approxi-
mately 11.1 6 0.52 3 1023@°C, so 1KdS

22ddS@dTdS 5
124.8 6 1.62 3 1027@°C. With these values, a correc-
tion to the measured signal RD@S can be calculated
and d1n03r412@dTn03r41 is

1

n03r41

dn03r41
dT

<
1

RD@S

dRD@S

dT
2 15.8 6 0.52 3 1026.

1152

The correction term in relation 1152 is dominated
by the thermal expansion coefficient and is relatively
insensitive to our values of ddS@dTdS. We assume
that this correction term is valid for all of the
crystals tested. In general the best measurements
are made with dS as small as possible, of the order of
a few degrees, and with voltages large enough to
produce dE of a few tens of milliradians.
A typical set of data is shown in Fig. 6. The mean

normalized slope for 34 data sets was computed with
three different BGO specimens. This yields a
d1n03r412@dTn03r41 value of 11.54 6 0.162 3 1024@°C,
where the uncertainty is reported as one standard
deviation. Care was taken that the BGO crystal
was not stressed by the electrodes or the mounting
fixture. The electrodes were gold, sputtered onto
the surface of the crystal. The light source was an
approximately 3-nm bandwidth laser diode, to avoid
coherence effects, and its central wavelength was
675 nm.

4. Photoelastic Properties

Electro-optic components are subject to uniaxial
compressive stress, both directly and as a result of

Fig. 6. RD@S versus temperature in BGO at 670 nm.



temperature inhomogeneities. Stress gives rise to
birefringence, which affects the stability of the sys-
tem. The refractive indices of crystals are related
to stress through the stress-optic 1sometimes called
piezo-optic2 tensor, qi j, or to strain through the
strain-optic 1sometimes called elasto-optic2 tensor,
pi j. Strain is related to stress through the compli-
ance tensor, si j, or vice versa through the stiffness
tensor, ci j. Each of these is a fourth-rank tensor,
commonly represented as a 6 3 6 matrix. These
tensors or matrices describe the photoelastic proper-
ties of the crystal. In 43m crystals, each tensor has
three independent elements, the 11, 12, and 44
matrix elements.13
The elements of the compliance and stiffness

tensors for BGO have been previously determined at
20 °C by Schweppe.6 We have measured values q11
2 q12 and q44 of the stress-optic tensor directly and,
using Schweppe’s data, have computed the corre-
sponding strain-optic tensor elements.

A. Stress-Optic Measurements

In a 43m crystal, birefringence B induced by a stress
applied along the crystallographic 10012 direction and
observed in the 11102 direction is12–14

B ; n\ 2 n' 5
n03

2
1q11 2 q122s, 1162

where n\ and n' are the refractive indices for light
with its electric vector parallel and perpendicular to
the direction of stress, respectively, n0 is the refrac-
tive index of the unstressed crystal, and s is the
applied stress. We use the convention that compres-
sive stresses are positive. Similarly, the birefrin-
gence induced by a stress applied along the crystallo-
graphic 11102 direction and observed in the 10012
direction is

B ; n\ 2 n' 5
n03

2
q44s. 1172

Using specimens oriented as shown in Fig. 7, we are
thus able to determine both q11 2 q12 and q44 on the
same specimen.
We determined the stress-induced birefringence

by measuring the stress-induced retardance. The
measured retardance is related to the induced bire-

Fig. 7. Geometry of specimens used for the stress-optic measure-
ments.
fringence by

ds 5
2p

l
1n\ 2 n'2h, 1182

where l is the vacuum wavelength and h is the
propagation path length through the crystal.
The stressing apparatus used is the same as that

in Ref. 14 and can apply stresses up to approxi-
mately 108 N@m2 on our crystals. The induced
retardance was measured polarimetrically for each
stress by determination of the ellipticity of the
emerging light when the input light was linearly
polarized at 45° to the direction of applied stress.
A Babinet–Soleil compensator was used to deter-
mine the sign of the induced retardance. These
measurements were made at approximately 23 °C.
Figure 8 shows a sample of the data obtained by

this method for the stress along the 11102 direction.
In some cases, the samples tested exhibited a small
amount 1,10°2 of birefringence in the absence of
applied stress. The stress-optic tensor elements
were therefore computed from the slope of the best-
fit straight line of retardance versus stress, rather
than absolute retardance at a given stress, and
birefringence data at zero stress was not used in the
slope calculation. The necessary index of refraction
values were those reported above. The values of
the stress-optic coefficients are given in Table 5.
Each measured coefficient represents the average of
six measurements on three different specimens.
The total uncertainty is reported as the standard
deviation of the mean of the six measurements.

B. Strain-Optic Tensor Elements

For 43m crystals, the strain-optic tensor elements
are related to the stress-optic tensor elements by the
relations15,16

p44 5 q44c44, 1192

p11 2 p12 5 1q11 2 q1221c11 2 c122. 1202

Fig. 8. Typical data for the determination of q44.
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Table 5. Photoelastic Constants of Bismuth Germanate at a Wavelength of 632.8 nm

n031q11 2 q122
n03q44

122.764 6 0.1432 3 10212 m2@N
121.260 6 0.1302 3 10211 m2@N

This study

q11 2 q12
q44

122.995 6 0.1552 3 10213 m2@N
121.365 6 0.1412 3 10212 m2@N

This study and Ref. 3

c11
c12
c44

1.158 3 1011 161%2 N@m2

0.270 3 1011 168%2 N@m2

0.436 3 1011 161%2 N@m2

Ref. 6

p11 2 p12
p44

20.0266 6 0.0023
20.0595 6 0.0068

This study and Ref. 6

n031p11 2 p122
n03p44

20.245 6 0.021
20.549 6 0.063

This study and Ref. 6
Using Schweppe’s data6 for the stiffness tensor ele-
ments, we obtain the values given in Table 5. The
uncertainties are the sum of the magnitudes of the
uncertainties in the stress-optic and stiffness tensor
elements.

5. Conclusions

The data reported here affirm that bismuth ger-
manate is a suitable material for those applications
of the electro-optic effect in which precision is more
important than sensitivity. Though the electro-
optic effect is not large, it is relatively stable with
temperature. The stress-optic effect is not substan-
tially larger than for other materials that might be
considered. Thus, the stability of sensors using
BGO is limited by the small temperature depen-
dence of the electro-optic effect and not by the large
temperature-dependent natural crystalline birefrin-
gence found in other electro-optic crystals.

Appendix A.

To model a BGO crystal with linear stress birefrin-
gence, we use Jones calculus.17 The resulting field
for a beam of linearly polarized light passing through
a quarter-wave plate at 45°, an electro-optic crystal
with stress induced birefringence, and a polarizer is

3Ex

Ey
4 5 31 0

0 043
A B

C D4
1

Œ2 3
1 i

i 143
Ex

0 4 , 1A12

whereE is the electric field vector of the light, and A,
B, C, and D are the Jones matrix components that
describe the electro-optic crystal. The Jones matrix
for the electro-optic crystal with stress-induced bire-
fringence has been developed by Lee.18 Thatmatrix
is used here, with the correction of a few typographi-
cal errors and the assumptions that there is no
Faraday rotation in the crystal and that dE and dS are
both much smaller than 1 rad. The Jones matrix
components are then

A 5 cos f 2 idS
sin f

2f
5 D*,

B 5
1

2
idE

sin f

f
5 C, 1A22
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where

f >
1

2
1dS

2 1 dE
221@2, 1A32

and where dS is the stress birefringence and dE is the
electro-optic retardance proportional to applied volt-
age V. Equations 1A22 and 1A32 were developed with
the assumption that the axes of dS are 45° with
respect to the axes of dE. The intensity response of a
BGO crystal with stress birefringence using Eqs.
1A12, 1A22, and 1A32 is

R1dE, dS26 5 G611 6 dE
sin 2f

2f 2 , 1A42

where G6 is equal to 1⁄2g6 0Ex 02 and where g6 is a
constant dependent on the optical coupling. The 6
in Eq. 1A42 refers to the orientation of the output
polarizer in Eq. 1A12. The 1 represents an output
polarizer crossed with the input polarization state,
and the 2 represents an output polarizer aligned
with the input polarization state.
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